In complete analogy with Seiberg-Witten map defined in noncommutative geometry we introduce a new map between a noncommuatative gauge theory with a q-deformed gauge group and an ordinary gauge theory. The construction of this map is elaborated in order to fit the Hopf algebra structure. * Supported by DAAD †
Introduction
The starting point for this investigation is the wish to define the analogue, in the quantum group picture [1] , of the Seiberg Witten map [2] argued using the ideas of noncommutative geometry [3] . In the framework of string theory Seiberg and Witten have noticed that the noncommutativity depends on the choice of the regularization procedure: it appears in point-spliting regularization whereas it is not present in the Pauli Villars regularization. This observation led them to argue that there exist a map connecting the noncommutative gauge fields and gauge transformation parameter to the ordinary gauge field and gauge parameter. This map can be interpreted as an expansion of the noncommutative gauge field in θ. Along similar lines, we introduce a new map between the q-deformed and undeformed gauge theories. This map can be seen as an infinitesimal shift in the parameter q, and thus as an expansion of the deformed gauge field in q = e f = 1 + f + o f 2 . This paper is organized as follows. In Sec. 2, we present the U q (2) quantum group techniques . In Sec. 3, we recall the Woronowicz differential calculus using the adjoint representation M a b of the group U q (2). In Sec. 4, we introduce a new map which relate q-deformed noncommutative and ordinary gauge fields.
The Seiberg-Witten map
Let us recall that in the noncommutative geometry the spacetime coordinates x i are replaced by the Hermitian generators x i of a noncommutative C * -algebra of functions on spacetime which obey the following algebra
where θ i j is real and antisymmetric with dimension of length squared. In this context the ordinary product of two functions is replaced by the GroenewoldMoyal star-product [4] 
For the ordinary Yang-Mills theory the gauge transformations and field strength are given by
For the noncommutative gauge theory we just replace the matrix multiplication by the * product. The gauge transformations are given by
Expanding (7) in powers of θ they found
where they used the expansion
The equation (9) is solved by
These equations are called the Seiberg Witten map.
3 The quantum group SU q (2)
Let A be the associative unital C-algebra generated by the linear transforma-
the elements a, b, c, d satisfying the relations
where q is a deformation parameter. The classical case is obtained by setting q equal to one.
The SU q (2) is obtained by requiring that the unitary condition hold for this 2 × 2 quantum matrix:
The 2 × 2 matrix belonging to U q (2) preserves the nondegenerate bilinear form [5] 
Let us take q = e f ≃ 1 + f . This gives
where
The noncommutativity of the elements M n m is controlled by the braiding
R becomes the permutation operator R The R matrix satisfy the Yang-Baxter equation
The noncommutativity of the elements M n m is expressed as
With the nondegenerate form B the R matrix has the form
The first equation, in terms of f gives:
Woronowicz Differential Calculus
Now, we are going to consider the bicovariant bimodule Γ over U q (2) . Let θ a be a left invariant basis of inv Γ, the linear subspace of all left-invariant elements of Γ i.e. ∆ L (θ a ) = I ⊗ θ a . In the q = 1 the left coaction ∆ L coincides with the pullback for 1-forms.
There exists an adjoint representation M a b of the quantum group, defined by the right action on the left-invariant θ a :
The adjoint representation is given in terms of the fundamental representation [6] as:
In the quantum case we have θ a M n m = M n m θ a in general, the bimodule structure of Γ being non-trivial for q = 1. There exist linear functionals f a b : F un (U q (2)) → C for these left invariant basis such that
Once we have the functionals f a b , we know how to commute elements of A through elements of Γ. These functionals are given by [7] :
The representation with the lower index of θ a is defined by using the bilinear form B 
We can also define the conjugate basis θ * a = (θ a ) * ≡ θ a . Then the linear functionals f 
We can easily find the transformation of the adjoint representation for the quantum group which acts on the generators M j i as the right coaction Ad R :
As usual, in order to define the bicovariant differential calculus with the * −structure we have required that the * −operation is a bimodule antiautomorphism (Γ Ad ) * = Γ Ad . We found that the left invariant bases containing the adjoint representation are obtained by taking the tensor product θ i θ j ≡ θ j i of two fundamental modules. The bimodule generated by these bases is closed under the * −operation. We found the right coaction on the basis θ
We have also introduced the basis
The exterior derivative d is defined as
where X = B ab θ ab = q −1/2 θ 12 − q 1/2 θ 21 is the singlet representation of θ ab and is both left and right co-invariant, N ∈ C is the normalization constant which we take purely imaginary N * = −N and χ ab are the quantum analog of left-invariant vector fields.
Using equation (36)
Then the left invariant vector field is given by
To construct the higher order differential calculus an exterior product, compatible with left and right actions of the quantum group was introduced. It can be defined by a bimodule automorphism Λ in Γ Ad ⊗ Γ Ad that generalizes the ordinary permutation operator:
We found
The external product is defined by
The quantum commutators of the quantum Lie algebra generators χ ab are defined as
The χ ab functionals close on the quantum Lie algebra
where C abcd ef are the q-structure constants. They can also be expanded in terms of f as
where C abcd ef is the classical matrix and c abcd ef
is the quantum correction The quantum Lie algebra generators χ ab satisfy the quantum Jacobi identity
The quantum Killing metric is given by
Let us recall that the quantum gauge theory on a quantum group SU q (2) is constructed in such a way that the gauge transformations fit the Hopf algebra structures [8] . Given a left F unc (SU q (2))-comodule algebra V and a quantum algebra base X B , a quantum vector bundle can be defined. The matters fields ψ can be seen as sections: X B → V and V as fiber of E (X B , V, F un (SU q (2))) with a quantum structure group F unc (SU q (2)).
The quantum Lie-algebra-valued curvature F :
We found the gauge transformations [7] 
where α = α ab χ ab : F un (SU q (2)) → X B and where the product (·) denotes the exterior product of two forms on the base X B .
We can write the last relation in terms of components as:
5 q-Deformed noncommutative Gauge Symmetry vs. Ordinary Gauge Symmetry
Let us consider the quantum vector bundle E (X B , V, F un (SU q (2))) where the base space X B is the Moyal plane defined through the functions of operator valued coordinates x i satisfying (1) and where V is a left F unc (U q (2))-comodule algebra. We define the q-deformed noncommutative gauge transformations as
where ⋆ is the Groenewold-Moyal star-product defined in (2), the convolution product * is defined in (46) and where the new product ⋄ is defined as
The classical case is obtained setting q = 1 and θ = 0. Using first order expansion in θ and q = 1 + f these relations give
We can also consider a Manin plane or a Jordanian plane as a base space X B of the quantum vector bundle. These give new maps for the corresponding deformed structures.
